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Abstract

This paper shows that the coherent interferometric imaging strategy originally
proposed in the context of passive or active arrays of antennas can be
implemented for synthetic aperture radar, in which a single antenna is used
as an emitter and as a receiver at successive positions along a trajectory.
The idea is to backpropagate the cross correlations of the recorded signals
over selected frequency-spatial windows rather than the signals themselves.
The theoretical analysis shows that the signal-to-noise ratio can be enhanced
dramatically compared to the standard matched filter processing, without any
loss of resolution. This holds true when the fluctuations of the recorded signals
have a spatial correlation (along the antenna trajectory) that is larger than the
distance between two successive positions of the antenna and smaller than the
length of the antenna trajectory. As a result, a good compromise between
resolution and deblurring can be achieved by an appropriate choice of the
spatial window size.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Synthetic aperture radar (SAR) is a technique currently used to do imaging from a satellite or
a plane emitting and recording electromagnetic waves [5, 9, 10]. In the SAR configuration an
antenna moves along a known trajectory and emits a train of pulses. The waves are scattered
by the probed region and the backscattered waves are detected by the same antenna. SAR can
be described mathematically by a simple antenna model and a single-scattering approximation
[8, 18]. The received signals are then used to produce an image. The imaging process consists
of a matched filter that backpropagates the signals to a test point in a virtual homogeneous
medium. Very high-resolution images can be obtained, for which the resolution corresponds
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to that obtained by an array of antennas whose width would be equivalent to the length of
the antenna trajectory. However SAR is very sensitive to noise, since it is critical to record
the phases of the waves with high accuracy. In SAR acquisition there may be several noise
sources. First, the positions of the antenna can be identified only with a relative precision. As
itis typically a flight path or a satellite path, deviations from the nominal trajectory are more or
less unavoidable. Second, the background medium may have propagation speed fluctuations.
These two first phenomena can be modeled by assuming that the travel time for a round trip
from the theoretical positions of the antenna to the target is random. Third, backscattering
from a random collection of small scatterers (clutter) can give noise in the recorded signals
that can be modeled by an additive white or colored Gaussian noise. Other sources of noise
can be encountered [9].

SAR, being a high-resolution coherent imaging technique exploiting phase information,
is particularly sensitive to phase errors. Many signal processing or analytic procedures which
focus on explicit removal of such phase errors have been proposed and implemented to deblurr
SAR images [6, 22]. In particular, the widely used phase gradient autofocus (PGA) technique
aims at removing a large part of the phase errors [7, 12, 21] and can be implemented for various
migration procedures [20]. The PGA technique exploits redundancy in order to compensate
for phase errors, even in the presence of additive noise. With redundancy we here mean that
many observations involve the same phase error. In the SAR context this situation may occur
when (1) many high-contrast target points reflect signals above the noise level and (2) the
phase errors are range independent, or equivalently target independent. In a situation with
redundancy the PGA method is efficient because it averages the estimates of the phase errors
over many targets to give high accuracy. It is in fact optimal in order to compensate for
range-independent phase errors in the presence of small additive white noise [12]. However,
if there are only one or a few target points in the medium, or there are many targets, but
the additive noise is so strong that only one or a few targets are above the noise level, then
redundancy is lost. Moreover, if the phase errors are range dependent, then it is necessary
to break the search window into smaller sub-windows so that the errors present in each sub-
window are approximately range invariant and hence, conventional autofocus procedures can
be applied to each sub-window. If the dependence is strong and the sub-windows are small,
then redundancy is lost [17]. It is then necessary to implement a more robust strategy. In
this paper we introduce a method that does not require redundancy, which can address strong
additive white noise and range-dependent phase errors, and that does not aim at explicitly
estimating the phase error.

Recently coherent interferometric (CINT) imaging has been shown to achieve a good
compromise between resolution and deblurring in noisy environments [1, 3]. It involves
backpropagating the cross correlations of the recorded signals over appropriate space-time or
space—frequency windows rather than the signals themselves. The choice of the sizes of the
windows is the critical point since it allows one to select only the coherent contributions of the
imaging process. It has been used to process data sets obtained from active or passive arrays
of antennas using wave signals propagating through a heterogeneous medium [2, 4].

In this paper, we propose a CINT implementation for SAR imaging. In section 2, the
conventional matched filter processing used in SAR is recalled and expressed in a suitable
way in order to introduce in section 3 the CINT strategy. The resolution and noise properties
of the CINT strategy in the context of SAR are studied and numerical simulations illustrating
its performance are presented in section 4.
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2. Matched filter processing

In the classical SAR setup, an antenna located in a plane or a satellite moves along a straight
trajectory. Atregularly spaced positionsx,,n = 1, ..., N along this trajectory and at regularly
spaced times nT, the antenna emits an electromagnetic pulse s(r — nT) that is reflected by
the scatterers present in the medium, and the scattered wave R, (¢) is detected by the same
antenna. The collection of received signals (R, (t)), is then used to produce an image. In
this section, we give a simple but accurate model that describes the measured signals, and also
present the usual imaging process.
The source signal used by the antenna is the chirped pulse

1 t ; 2
1) = — —lwt—imyt 1
s(1) 54 <_T ) e ) (1)

P
where o, is the carrier (angular) frequency, y is the chirp parameter, a(¢) is the normalized
pulse shape function, and 7, is the pulse width. For instance, we may have a(f) = exp(—t?)
or a(t) = 1j_1,1(t). The choice of a chirped pulse results from a compromise between two
requirements [8]. First, the range resolution of the system improves with increased bandwidth,
as we shall see in the next sections. Thus, we would like to use short pulses. Second, the
emitted field is limited in practice by the maximal power radiated by the antenna. Thus, short
pulses have low energy and backscattered signals are buried in the noise. Therefore, SAR
systems use pulse modulation of the form (1), so that the emitted pulse is a long waveform.
The received signals are then compressed in order to synthesize the response of a short pulse.
In this paper it is assumed that the following assumption is satisfied.

Assumption 2.1. . > 7y T, > T,

This is a typical scaling for SAR configurations (see appendix). It means that the carrier
frequency is large compared to the chirp bandwidth, which in turn is large compared to the
pulse shape bandwidth, that is, we are in a situation with a high carrier frequency and a strong
chirp. Indeed, in the case a(t) = exp(—tz), the chirped pulse (1) has a Gaussian form, so that
its Fourier transform can be computed explicitly:

Tpﬁ (_ (w — wc)szz (o — a)c)zj'[j/T;>

2 [1+inyT? P\ a0 el Ty)

which shows that the bandwidth is 2Tp’1 V1 + 712)/2T‘;1 >~ 2nyT,intheregime ny T, > T‘,j1 .
Here and throughout the paper the Fourier transform of a function f(z) is denoted by f (w)
and is defined by

flw) = / f(r)e dr. 2)

S(w) =

For an arbitrary pulse shape a, by a stationary phase argument, we have for 7y T, > T, !
. e (o— o, A0 — w)?
S(w) ~ a expli———— ), 3
2y \2nyT, 4y
which shows again that the bandwidth is 27y T),.
The antenna can be a point source, or a slotted waveguide [11], or a microstrip antenna
[19]. In this paper, we will first carry out the analysis with a point source and then show how

the results can be extended to the general antenna type. As we shall see in section 3.7, the
beam antenna pattern plays the same role in the CINT imaging process and in the matched
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filter process. The antenna moves along a straight trajectory, along the x-axis. The successive
positions of the antenna are x, = (x,,0,0),n =1,..., N, withx, = (n/N — 1/2)X,. The
total length of the antenna trajectory is X,. The antenna at x,, emits the signal s(¢+ — nT) and
records the backscattered signal R, (7). A deramping is applied, that is, a multiplication by
the opposite quadratic phase which recompresses the signal [5], so that we obtain the signals
S, (1) defined by

$,(1) = explio.(t — nT — 270) +imy (t —nT — 21)*|R, (1), )
where 19 = [Xy/2 — Yol/co, co is the reference background velocity, yo is the center of
the search area, and Xy, = 0 is the center of the antenna trajectory. The set of signals
S,(t),n = 1,..., N, is the SAR set of data. We remark that the variable 7 is sometimes

referred to as the ‘fast time’ and the variable n as the ‘slow time’ in the SAR literature.
Moreover, centering with a fixed 7y that does not depend on n is sometimes referred to as strip
map mode. Also note that deramping is typically done in hardware to lower the frequency
band and enable analogue-to-digital conversion. Thus, only the signal after deramping is
available for image formation.

Let us assume for a while that the antenna is a point source and that there is a single
target in the medium, whose position is y;. This target acts a point scatterer. Using the Born
approximation, the backscattered field measured at the antenna is [8]

2 [ ) .
Ry, (1) |single target = ﬁ/G(a)7Xn’ys)UsG(w,ys,Xn)s(a))e i0@=nT) 4

v,

— ¢ /G(a),x,,,ys)2§(a))e_i"’(’_”r)da),
2

where v, is the reflectivity of the scatterer and we have used the reciprocity identity
G(w,x,y) = G(w,y,X). In a three-dimensional homogeneous medium with constant
background velocity ¢, the Green’s function is

1
4m|x -yl

o
iyl

G(w, X, y)|h0mo =

Therefore, in the case in which there is a single target at y; and the medium is homogeneous,
the recorded signal (after deramping) has the form

w*v t—nT X, — ¥s] X0 — sl
S, (t = — 27T ) exp | 2w | ——2 — 1
( )|hom0 32712|y‘Y _ X,l|2a< T,, C()Tp ) Xp[ @ ( co O)]

2
X exp |:4irry(t —nT — 2t0)<M — 10) — 4ijry<|xn—ysI — ro> ],

€o €o

and in the Fourier domain
8(@) lhomo = W2 vs H (0, X, ¥5) explio (nT +210)), (5)

where we have defined

Hw,x,y) = L& T,(4ny x=yl T |+ ) | exp | 2w, Xyl 70
2n2ly—x2 [ 7 o o
2
X exp |:2ia)<|x Yl — ro) +4iny<|x Yl — ro) i| (6)
Co Co
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Note that, as a function of x, y,

— the function H (w, X, y) depends only on |x — y|/co — o,

— its amplitude is concentrated at |[x — y| =~ Co(‘L'o - ﬁ) (this property will give the range
resolution as we will see below),

— since w. > mwyT),, the phase varies more rapidly than the amplitude (this property will
give the azimuthal resolution as we will see below).

In general, the medium is not known and the usual SAR matched filter (or adjoint method)
is the point spread function [8, 9]

L,(y) = /ﬁ(r —nT — 279, X,,y)S,(¢) dt

= %/E(a},xn,y) exp(—ia)(nT+2ro))S’n(w) dw, 7

where - stands for complex conjugation. The point spread function matches the received signal
S, against the synthetic signal H that should be the one corresponding to the situation in which
there is a point scatterer at the test point y, and the medium is homogeneous with background
velocity cg. It is the optimal filter in the sense of providing the best signal-to-noise ratio in
the presence of white noise [8, 9]. In SAR the point spread function is summed over n, which
gives the ambiguity function of the SAR system

N
> Ly
n=1

For the introduction of the CINT strategy, it is useful to expand the ambiguity function and to
write it as

. - .,
10 =75 3 [[Hex i@ x.y

n,n'=1

2

I(y) = (®)

X 8, ()8, (@) exp(ie (n'T + 219) — iw(nT + 219)) dw do'. 9)

As we shall see in the following, this imaging functional produces very high-resolution
images, and it is possible to quantify its performance in terms of resolution (subsection 3.3)
and signal-to-noise ratios (subsections 3.4 and 3.5).

3. Coherent interferometric imaging

3.1. Coherent interferometric imaging strategy

The CINT strategy consists in restricting the double sum (over the antenna position) and the
double integral (over the frequency) of the imaging functional (9) to those pairs which give a
coherent contribution. Therefore, unnecessary incoherent contributions, that bring only noise,
are not incorporated. If we introduce X, and €2, the cut-off parameters in space (along the
antenna trajectory) and in frequency, then the CINT imaging functional is defined by

1 - N
T =75 3 f f H(, %, H @', %y, y)

472 /
n—n'|<ng 2 ¥ ¥ N0meISRa/2

X 8, ()8, (@) exp(ie (n'T + 219) — iw(nT + 219)) dow o/, (10)

where ng = [N X,/ X,]. If X, is taken larger than the length of the antenna trajectory X, and
€24 is taken larger than the source bandwidth 27 T, then there is no truncation and we get the
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matched filter imaging functional (9) of the SAR system. The resolution is then optimal, but
the image can be very noisy as we shall see below. As X, and €2, are reduced, the resolution
is reduced as well, but the noisy contributions are even more reduced, which results in an
enhanced signal-to-noise ratio, as we will see below.

It is also possible to interpret the CINT imaging functional as the backpropagation
of cross correlations over selected frequency-spatial windows [2]. Indeed, the expression

H(w, X, y)S, (w) corresponds to the backpropagation of the signal S, (the complex conjugate
over H corresponds to the time reversal operation). Therefore, in the usual point spread
function (7), the recorded signals are backpropagated, and the matched filter functional is
obtained by summing over » and taking the square, which reads as the double sum and double
integral (9). In the CINT functional (10), we restrict the sum over diagonal bands in (@, »’)
and (n,n’). If these bands are larger than Tp’1 and N, then we recover the matched filter
imaging functional. If the frequency band is very small, so that we only retain the diagonal
o = o' and if we incorporate all spatial contributions of the synthetic array, then we obtain
the interferometric function

N
1 - N " - . ,
Iint(y) = o) E /H(a), X, Y)H (@, Xy, ¥) S (@) Sy (@) expio (' T — nT)) do
1

n,n'=

1 N
= E Z /Sn,back(f —nT)Sy pack (t —n'T) dt, (11)

n,n'=1
where S, pack(f) is the nth backpropagated recorded signal whose Fourier transform is

S',,,back(a)) = H (w, X, y)S’,, (w). This shows that Zinyr(y) is the cross correlation in time
of the backpropagated recorded signals. The CINT strategy consists in restricting the double
sum over (n, n’) in this formula to the terms that are coherent (i.e. the pairs (n, n") such that
|n — n'| < ng/2), and to incorporate not only the diagonal »’ = w but also the diagonal band
| — w| < 24/2 in which the frequency components are coherent.

The values of 2; and X, are a priori determined by the statistical properties of the
random fluctuations of the background velocity of the medium, or the fluctuations of the
antenna trajectory, or the statistical properties of the phenomenon responsible for the random
fluctuations of the recorded signals. Ideally, the parameter X, should be the spatial correlation
radius of the recorded signals along the antenna trajectory, and the parameter 2; should be
their coherence bandwidth. It is possible to perform a detailed analysis of a particular model to
determine these parameters, for instance, by studying the paraxial wave equation in a random
medium [14, 15]. However, as shown in [2], it is better to select these parameters based on
the quality of the image that is being formed from (10) and to use a feature preserving norm,
such as the bounded variation (BV) norm or the entropy, to estimate the image quality. An
adaptive procedure can be implemented, in which the values of 2; and X; are chosen in order
to minimize the BV norm of the CINT imaging functional (10). This procedure results in an
optimal compromise between resolution and smoothing [3].

3.2. A remark on the matched filter

In order to simplify the analysis, we shall here assume that the search pointy = (x, y, z) and
the target point y; = (x;, ¥y, Z5) are close to the center of the search area yg = (xo, Yo, 20) and
that the aperture is relatively small.

Assumption 3.1. |y — yol, ly; — Yol 1%, [x], [xo0l, Xa < [yol
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We can then expand
n— n (I Xa X2
—|X Y| _10=—¢ ( ) +O<——a2>,
o 2colyol co |yol (12)

(ro - (r — rp))?

$u(X) = (x — x,)” — x5 + [r — x> +2r0 - (r — 1) — P
I

where r = (y,2),r9 = (0, 20), and r = /y% + 72 is the range (i.e. the distance from the
axis of the antenna trajectory to the test point y). In the context of CINT it is of interest to

examine the support in frequency of the product H (w, X,,, y)H (', X,,, y). Note that for the
chirp bandwidth 27wy T, we can associate the chirp wavelength
o
)\ch =
vT,
and the associated Fresnel number satisfies.

Assumption 3.2. The Fresnel number N, = X 2 / (Aenlyol) is smaller than one or of order one.

In this regime the quantity X 3 / (Aenlyo %) is much smaller than one and the function H (w, X, y)
given by (6) is non-zero only in the frequency range for w such that
27y ¢ (1) 1

colyol

T,
Therefore, the product ﬁ(a), X, y)ﬁ (o, X, y) is not zero only if

2 " 1 2 o , 1
—ny¢ ) +w| < — and —ny¢ () +w
colYol colYol

T, 7,

This shows that only the pairs of frequencies (w, @) close to the diagonal |w — | < @,
contribute to the expression (9) of the ambiguity function and in the functional (10) of the
CINT method, where €2, is defined by

2+6N,
Qa = Ta
P
which is of order Tp_' by assumption 3.2. This implies that CINT in frequency is usually
not useful, unless the coherence bandwidth of the medium is smaller than €2, which is very
small (remember that the source bandwidth is 27y T), > T 1). The matched filter for SAR
with a chirped source is already in a CINT formulation in the frequency domain, in the sense
that the integral over (w, ') is naturally restricted to the diagonal |w — o'| < ©,. The main
reason for this is that a strong chirped source establishes a strong connection between time
and frequency. Indeed, at a given time, the spectrum is concentrated around an instantaneous
frequency, as can be shown by a stationary phase argument [8]. As a result, only the small
frequency band around the instantaneous frequency corresponding to the correct travel time
does contribute.
To summarize:

13)

— The restriction | — @'| < €4/2 in the CINT imaging functional (10) is effective only if
Qg < 29,, otherwise it does not play any role.
— If Q, is larger than 22, then we get that the CINT imaging functional takes the form

Iovt = Y. LM/Y).
In—n'|<nq/2
— The restriction |w — @'| < 4/2 can be useful if the coherence bandwidth of the received
signals is very small, i.e. smaller than 2€2,,.
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3.3. Range and azimuthal resolution

The resolution analysis for the ambiguity function (8) can be found in [8, 10], for instance.
Here we revisit the arguments for the resolution analysis of the CINT imaging functional when
the source is the chirped pulse (1), the medium is homogeneous, and there is a single point
target located at y;. Under these conditions the recorded signal is given by (5), and the CINT
imaging functional is

|1)X|2(,()21 I > PN
ICINT(Y) = - Z H((,(),Xn, y)H(a)axn’a y)

2
am In—n'|<ny/2 lo—w'|<8/2

XH((U’ Xy, y‘v)H(a)/, Xp/, YV) dw dw,~

In order to get simple explicit characterizations for the resolution we make as before the
assumptions 2.1, 3.1 and 3.2. In addition, in order to separate azimuthal and range resolution
aspects we assume that yo, y and y, lie in a plane through the antenna trajectory and with
yo = (0, yo, zo). That is, labeling the range by r = (y, z) and r = /y? + z2 (and similarly for
yo and y;), we assume

Assumption 3.3. yo = (0,e,79), y = (x,e7r), Yy, = (x4,€,ry), where e, is a two-
dimensional unit vector.

By using (6) and assumptions 2.1, 3.1-3.3 and by keeping only the leading-order terms
we get

H(w, Xy, Y)H (@, %0, y) H(@', X, Y H (@, X0, ¥5)

= 47{7/ (x—x,,)z
:220n8|y|8“[< (“‘r‘)” 210l +‘”)]

X

D
é‘]
N

h

X
>
,;]
/N
TN TN N
<
' |
<
(=}
p—
+
—
=
D
o | =
= |z
N
N——
~

- 4 s — An 2
X a T,,< u2d (ry — ro)+u> +w’>]
2]yo
. 20,
X exp |:1—(x,, — X)) (x — xs):|. (14)
colYol

Note first that the first terms in this expression (involving d) give the range resolution
since their common support is very small and forces r to be close to r;.

Note second that the last term in (14) gives the azimuthal resolution, after carrying out
the summation over n, n’. We assume that n; = [X4N/X,] is always much larger than one in
order to use the continuous approximation

. 20,
Y e [1 (X — ) (x —x.;)}
colyol

n—n'| <4
. 2w,
~ / f exp[l < (€ —¢ o}dsds’,
< e o< e g —gr < X colyol

X4 =ngAx, Ax = xp — Xq.

with
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This assumption simplifies the computation but the analysis could be extended by using
summation formulae for exponential terms.

It is possible to distinguish four regimes, which are determined by the normalized
quantities 2,/ 2, and X,/ X,. We give here the asymptotic expressions of the CINT function
imaging when these parameters are, each, either much smaller than one or larger than two.

— If @4 is larger than 22, and X, is larger than 2X,, then the result of the matched filter
imaging functional is recovered:

Tent(y) = 10F<4”CVOT’” r - rs))sincz (‘”X (r, — x)) , (15)

colyol
where sinc(x) = sin(x)/x and
|vs [Pwi Ty N?

2227t10|y0|8 ’

f a(r +uw)a(u) du

Iy =
2
= 472

2
F(r) =

/ la(s)%e" ds

This configuration gives the optimal range and azimuthal resolutions

A
Co and Ay — meolyol — Aclyol

Ar = = .
4yT, w. X, 2X,

— If @, is larger than 2€2, and X, is much smaller than X, then the CINT imaging functional
is proportional to

Xy (47yT, N ACD.¢
Zont(y) = loo- F (r —ry) |sinc (xs —x) ). (16)
X, o colYol

The range resolution is not affected:

Co
Ar = ——,
4y T,

while the azimuthal resolution is reduced compared to the matched filter functional

meolyol  Aelyol
a)CXd 2Xd )

— If @, is much smaller than €2, and X, is much smaller than X, then the CINT imaging
functional is proportional to

Ax =

Xd 47T)/T[, . a)CXd
Zewnt(y) = 1o~ TG (r —rs) |sinc (xs —x) ), (17)
X, o ¢olYol

where
G(r)=/|&(r+u)|2|&(u)|2du.

The range resolution is not affected up to a shape factor (see the discussion below).
— If Q4 is much smaller than €2, and X ; is larger than 2 X ,, then the CINT imaging functional
is proportional to

4y T, .o [ 0w X,
Zemnt(y) = 1082, T,G (r —ry) )sinc (xs—x)). (18)
o colYol
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Table 1. Resolution of the CINT method for different values of X in the absence of noise. Only
the azimuthal resolution depends on X ;. The range resolution is always co/(4y T)).

Xa Xg < Xa  2Xq < Xy
Ae Ae
Azimuthal resolution M io'
2X4 2X,

Thus, the resolution is not changed relative to the matched filter imaging functional.

Conclusion on the azimuthal resolution (see table 1). The azimuthal resolution is determined
by X, if X, is larger than X, and by X, if X, is smaller than X,. Therefore, when X
is smaller than X,, the azimuthal resolution does not depend on the length of the antenna
trajectory anymore. However, the parameter X, still plays a role in the signal-to-noise ratio,
as we will see in the following subsection.

Conclusion on the range resolution. The range resolution is determined by the bandwidth
27y T,. The choice of €, plays a marginal role in that the normalized function that gives the
shape of the focal spot in the range direction goes from F when €2 is larger than 2, to G
when 2, is smaller than €2,. It turns out that the function F can be broader or narrower than
G, depending on the source pulse shape a(s). Let us consider three different cases, in which
the pulse shape functions a(s) have the same maximum and the same L?-norm (i.e. the same
energy):

o Ja) =1s)
case 1: a(u) = 2sinc(u) (19)
. Ja(s) = exp(~7s?/8)
case 2: a(u) = 232 exp(—2u?/7) (20)
172
a(s) = W |:7T\/E|S|Si (@) _ 5|s|1/2 sin2 (37;’_S>:|
case 3: L . o
a(u) = 5<1 - \/6|_7t|) 1 6x/5.6n/5 W)

where S;(s) = [ sin(7rs'2/2) ds’ is the Fresnel sinus integral.

In figure 1 we plot the pulse intensity profiles s — a(s)? for these three cases and the
corresponding functions F and G (normalized by their respective maxima). One can check
that taking €2, smaller than €2, reduces the range resolution for case 1 (since G is broader
than F), does not affect the resolution for case 2 (since G is proportional to F), and enhances
the resolution for case 3 (since G is narrower than F). This discussion is just the starting
point of a more general question about optimal illumination, that should address the optimal
form of the source pulse shape. This question will be addressed in a future work in more
detail.

3.4. Noise reduction

We next illustrate in an explicit fashion the mechanism responsible for the noise reduction with
CINT in the SAR configuration. Assume a simple model in which the recorded travel times
are perturbed by an additive zero-mean random vector t\”. By keeping only the leading-order

10
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pulse intensity, case 1 pulse intensity, case 2 pulse intensity, case 3
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focal spot, case 1 focal spot, case 2 focal spot, case 3
1 7 1
08 0.8
Sos Sos
S04 S04
0.2 0.2
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Figure 1. Pulse intensity profiles and focal spots (in the range direction) for the three cases
described in (19)—(21). The solid lines plot the function G, the dashed lines plot the function F
(the two functions are equal in case 2).

terms, we have

H(®. %0, V)80 (@) H (e, Xy, )8 () exp(ia) (0T +210) — i (nT + 210))

_ = 4y (x — x,)°
_2207r8|yo|8a|: ( (“‘r‘)” 210l )”))]

A~ Y (xs - xn)2
X da _Tp (T ((rs ro) + —2|y0| ) + a)>:|
.. [4ry (x — xp)? ,
* “-T”<?((r RN ) “")]
=[.. (4my (x5 — xp)? ,
e _T”<7((” (TN > “”)]
X exp [iﬂ(x,, — X)) (x — xs)] exp (ioe (1" — r(,r))). (22)
colYol " "

The last term in this expression is responsible for the reduction of the resolution and the
enhancement of the fluctuations. If we assume that 7" has Gaussian statistics and has
Gaussian covariance function E[ " (r)] = o2 exp (—(x, — x,)?/12), then

2
E [exp (iwe(r,” t,f,’)))] = exp [ (1 —exp < (x,,l—zxn)>>:| : (23)

If 0,0, > 1, then

20
, .o
E[ exp (iwe (1" — ,f)))] ~ exp (— 12’ (x, — xn/)z) , (24)
which allows us to identify the correlation radius X, along the antenna trajectory:
le
X, = . (25)
W0y
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Note that the Gaussian form of (24) is general and can be obtained from any form of the
covariance function E[ ") (r)] as long as it is at least twice differentiable at zero. We can
then compute the first moments of the ambiguity function. If we assume that the correlation
radius X, is smaller than the total length of the antenna trajectory, but larger than the distance
between two successive positions of the antenna, i.e. X,/N < X, < X,, then we obtain

2
E[I(y)]zlo*/iX“F(‘mTP(r )) exp (—(”X (x—xs)> ) 26)

a colyol

which shows that the azimuthal resolution has been reduced to A.|yo|/(2X.). The covariance
function of the ambiguity function is

X2 [4xyT Ay T
EZW)I()] - EZW)IEZE)] —1§”X;F< TV - o) ( V0 o)

». ¢ + 2 e X
X exp _2<w <x Y x‘y>> sinc? (w L(x — x’)) , (27)
colyol \ 2 colyol

which shows (for y = y’) that the fluctuations are strong, since the variance is equal to the
square of the first moment and the signal-to-noise ratio is

E’[Z(y)] x.«x,

Var(Z(y))
If, additionally, there is additive noise or another type of external noise, then it will be very
difficult to distinguish the coherent (mean) contribution. Moreover, the incoherent fluctuations
are rapidly varying since the correlation radius is A.|yo|/(2X,). These fluctuations come from
the contributions of the off-diagonal terms in (10) for which |x, — x,/| > X.. These terms
do not bring any coherent contribution, that is why the azimuthal resolution is limited to
Aclyol/(2X.). However, they bring incoherent contributions which enhance the noise.

Let us now discuss the CINT functional in the configuration Q; > 2€,. The CINT
functional is equivalent to the matched filter imaging functional if X, is larger than 2X,. If
X4 is much smaller than X, but larger than X, then we find that the first moment of the CINT
functional is still the same as that of the matched filter functional

X, (4xyT X, 2
ElZena )] = 1Y F( Yy —n)) exp (—(‘” (x—xs)> ) (29)

X, colYol

(28)

but the covariance function is different:

ElZcint () Zent (Y)]1 — ElZeint (D IE[Zen (Y)]
2
_ Ianch F<4nyTp - Vs)>F(47TCVTP - rs))
0

3
Xa Co

w X (x+x 2\ w. Xy ,
xexp|—2 — X sinc x—x"). 30)
colyol \ 2 colyol

This shows that the azimuthal resolution is still A.|yo|/(2X.) while the signal-to-noise ratio

increases as «/ X, /+/ X4, as X4 decays:
ElZent(Y)]  x.<xi<x, vV Xa
Var(Zeinr(y)) /2 Noo

The reason why the signal-to-noise ratio increases is that the incoherent terms (those for which
|x, — x| > X,.) contribute less and less to the CINT imaging functional when X, decays.

3D

12
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Table 2. The resolution and signal-to-noise ratio of the CINT method for different values of X in
the case of a random perturbation of the recorded travel times of the form (23). The matched filter
case is the same as the CINT case with Xy > 2X,. The range resolution is always co/(4y T}).

Xa Xg<Xe Xe<Xqg<Xs 2Xa<Xqg
A A A
Azimuthal resolution cl¥ol l¥ol < 3ol
2X4 2X. 2X.
4
ND¢ VX
SNR ratio :[ = = 1
YrJ/Xc VX4

Moreover, these incoherent terms do not contribute to the coherent image, so that the resolution
is not affected by the decay of X, as long as it is larger than X .
Finally, if X, is smaller than X, then we find that

Xy Ay T, . X4
ElZent(W] = Io—F (r —ry) |sinc
Xa Co colYyol

(x5 — X)) , (32)

while the covariance function is

X2X, 4y T,
ElZe () Tewr(y)] — ElZene @) B Zane(¥)] = I */2;3 F( L —m))

dryT, w: X w:X
xF(ﬁ(r’—rs)>sin0< - d(x—xs)) sin0< - d(X’—xs)>
Co colYol colyol

X, ,
= :?_ZX‘I ElZent (W IE[Zewt ()] (33)

Therefore, when X,/ X, decays, the resolution becomes poorer, of the order of A.|yo|/(2X4),
while the signal-to-noise ratio saturates to a value proportional to v/ X,/ X,:

ElZcint ()] xo<x. V2v/Xa

Var(Zeinr (y)) /2 N o

The reason why the signal-to-noise ratio saturates is that the incoherent terms (those for which

|x, — x| > X.) are all taken out of the CINT imaging functional when X, is smaller than

X, and to reduce further X, does not improve anymore the deblurring, while it affects the
resolution since coherent contributions are removed.

We can briefly revisit the previous results for the CINT functional imaging in the

configuration ; < €,. We obtain the same expressions as (29)—-(34) with F(-) replaced by

Q4T,G(-). Therefore the SNR analysis gives a result that is independent on the choice of ;.

(34)

Conclusion of the SNR analysis (see table 2). By choosing X, of the order of X., we obtain
the best compromise between resolution and noise reduction. As shown in [3] the exact value
of X, should be chosen adaptively in order to minimize the BV norm of the CINT image
functional.

3.5. Impact of an additive white noise

Assume now that the received signals consist of the superposition of the signals generated by
the backscattering of one point target y, and an additive Gaussian white noise W, (w) (white
in n and ‘almost’ white in w):

105 Pl T2

: Of4<2>(T,,(w — @))8un. (35)

E[W, (@)W, ()] =0 W

13
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The variance parameter o> has been normalized so that it is dimensionless, and the additive
white noise has the same units as the signals reflected from the target. With this normalization,
the reciprocal 1/o is the signal-to-noise ratio of the recorded signals. This model includes
the case in which the received signals consist of the backscattering of the point target y;
and the backscattering from a large collection of small and random scatterers (see the following
subsection).

In the presence of the additive white noise (35) the CINT imaging functional can be
written as

Zemt () = Zemr () + Zomr () + Zénr (), (36)
targ

where Zor(y) is the image produced by the target in absence of random scatterers, while
Zenr(y) and ZE i (y) are the random terms

; (x)Lz.Us = a /
T =25 D H(w, %, NH(@, Xy, )

n—n'|<na/2 ¢ ¥ N0 IS8 /2

X [H (@, %0, ) Wi (@) + H (@, X, ) Wo ()] doo do,
4 —] 7y 7 A e
Tewr(y) = 2 Z // H(w,X,, VH @', X, Y)Wy (@) W, (@) dow de'.
4 n—n'|<na/2 lo—'|<Q4/2

The matched filter imaging functional Z(y) can be expanded in the same way. In the following,
we assume once again that w. > 7y T, > TI,’1 and 2, > 29Q,.

Let us first examine the matched filter imaging functional (i.e. the case X; > 2X,). The
coherent component due to the target is

T9E(y) = 10F<4”Z o — rs))sincz (wX (x5 — x)) . 37)
0

colYol

The first random component is a zero-mean process and its covariance function is

2
EIZ ()T ()] = 22 12F* (wv - n))Fé (ma’ - n))

N Co Co

X Fj (47WTP (r — /))sinc (—wCXa(x — x5)> sinc (_wCXa(x — x5)> , (3%)

o colyol olYol

where Fy is a generalized version of F (we have Fg = F in the pure white noise case):

2

Fyp(u) = ' / / au+u)aw"ew' — u")du' du”

The second random component has a non-zero mean given by

.. 0'2 1
E[Z"(y)] = v loFp(0)2, (39)

and its covariance function is

L N N D¢ 4y T,
EIZ" ()T (y)] - BT (1) IEIT" (y)] = %X—dlm( a2t p(r—r/))

Co
ch —x'
 sinc? (m) . (40)
colyol
The two components Z’ (y) and Z? (y) are not independent but they are uncorrelated
EIZ' (I ()] =0. (41)

14



Inverse Problems 24 (2008) 055001 J Garnier and K Sglna

Let us assume now that X, < X,, which is the interesting CINT configuration. The
coherent component due to the target is

4y T, X

7 (y) = 10F< e —ry))smc< St —x)> (42)
€o ol Yol

The first random component is a zero-mean process and its covariance function is

_ , , 202 X2 4 1 (AnyT,
E[Zinr D i3] = . Xglzp < vT, TV )>F2<%(r —rs))

X F¢ <471)/T,, (r — r’))sinc <—a)ch(x — xx)) sinc <—wCXd(x/ — xS)> . 43

colYol colYol

The second random component has a non-zero mean given by

.. 02 1
E[Tni )] = S 1oFy (0)2 (44)

and its covariance function is
.. .. . ; ot X d 4 )/
]E[IICIINT(y )IlClINT(y/)] - E[IEINT(y)] [IICINT(y )] _Io2 F ¢( E(r—r )>

« sinc (M) . (45)

colyol

The two components Zi-7(y) and ZZ 1 (y) are not independent but they are uncorrelated as
in (41):

E[Zene (D ZEnr (¥)] = 0. (46)

The first random component Zi-x7(y) is a zero-mean noise whose support is located in
the neighborhood of the target y,. Its typical amplitude relative to the coherent contribution is
21726 N=1/2_ which is independent of the cut-off parameter X,. The same component is found
in the matched filter imaging functional.

The second random component is distributed in the search space where its statistical
distribution is stationary. It gives rise to a background value, whose typical amplitude relative
to the coherent contribution is o2N~'(X, /X4). It has also fluctuations whose standard
deviation (relative to the coherent contribution) is >N ~'(X,/X4)"/?. Note that the mean of
this contribution increases as X,/ X4, while the standard deviation increases as (X,/X4)'/%.
This shows that this random noise is more important for the CINT method than for the matched
filter functional, and especially the constant background is more and more noticeable as the
cut-off parameter X, is taken smaller and smaller. In order to obtain the best signal-to-noise
ratio, one should take X, larger than X, that is, one should use the matched filter imaging
functional rather than the CINT method. Therefore, the CINT imaging method is efficient to
reduce the blurring due to noise with a spatial structure, but it should not be used when the
blurring originates purely from an additive white noise.

We can revisit the previous results in the configuration 2; < ©,. We get

r 4y T, . w.Xg
IoRr ™) = "(QdTp)IoG< o E(r —rs)>smc (W( x)) (47)
; ; 202 X3 4ryT, 4y T,
E[Zenr WM et V)] = N Xz(QdT) Iy G¢< % E(r—ry), o Lo —Vs)>
cX - As . CX f— s
« sinc (#) sinc (M) , 48)
olYol colYol
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Table 3. Signal-to-noise ratios in the presence of an additive noise of the form (35). The distinction
Q4 larger or smaller than 2, plays a role only in the pre-factors that depend on the source intensity

profile a.
SNR ratio Xa < Xq 2X, < Xy
Q< Q _ G(0) : Xsz _ G(0) lﬁz
P(0)F(0)2 XaO #(0)F(0)2 @
Q> 29, F(O)] Xdl\/2 F(O)1 Ez
Fy(0)2 Xao Fp(0)z @
.. 0'2 A 1
E[ZentW] = 7 QT lod (0 F*(0), (49)
ii ii / ii ii / a* Xq 2752
]E[ICINT(Y)ICINT(Y )] - E[ICINT(Y)]]E[ICINT(Y )] = mx—(gd T,)° 1
- (4nyT X (x —x'
X G¢( v (r — r/)>sinc (M> , (50)
o colYol

where

Gyl(r, r’)=/ la(s +r)2lacs’ +r))acs)a(s)(s — s’y ds ds’,

Gy(r) = / la(s)*la(s’ +r)*¢(s — s')ds ds’.
Therefore, changing the configuration so that 2, is smaller than €2,:

— multiplies the first moments by 47, and the second moments by (£2,7,)%, which does
not affect the resolution nor the signal-to-noise ratio,

— changes the shape functions F, Fy;, which has a marginal effect on the resolution and on
the signal-to-noise ratio. We have already shown in subsection 3.3 that the resolution can
be enhanced or reduced depending on the source pulse intensity profile a(s). The same
remark holds true for the signal-to-noise ratio. Indeed, as shown in table 3, the pre-factor

for the signal-to-noise ratio is —9— if @, « €, and L9 if Q,; > 29,.
$(0)F(0)2 Fy(0)2

0)2

When the additive noise comes from the backscattering of a collection of small random
scatterers (see the following subsection), then the function ¢ is equal to F'/? and therefore:
GO Sla@)|* du
POFO):  (flaw)?du)’
2
F( 1 a(s)|*ds
- If Q4 > 2Q,, then the pre-factor is ( ), = —M.
Fy(0)2 21 f|a(s)| ds

For the three examples described in (19)-(21) we obtain
2

- If Q4 <« @, then the pre-factor is

3= case 1
. GO
- If Q4 « €4, then the pre-factoris ————— = {./2  case 2-
POF©)> 0.66 case3
1 case 1
. F(0) i
- If Q; > 2Q2,, then the pre-factor is - =142 case?2-

»(0)2 0.50 case3
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Note that the pre-factor can be enhanced or reduced when going from 2, > 2, to
Qs < 4, depending on the source intensity profile a. If we consider case 1, that is the one
which is usually implemented in SAR systems, then the range resolution is degraded and the
signal-to-noise ratio reduced when we go from Q; > 22, to Q; K 2,.

3.6. An additive white noise model

Itis possible to construct a simple model that gives a white noise of the form (35). If we assume
that the medium contains a collection of small scatterers, then the incoherent contribution to
the received signal (after deramping) is

Wa(@) = ] Y v H(w, %, y)) explio (nT + 1)), (51)
j

where v; is the reflectivity of the jth scatterer and y; is its position. When the antenna
has some directionality, then the sum over j is restricted to the scatterers located in the area
illuminated by the antenna. Let us assume that the antenna beam pattern along the x-axis is a
cone with angular aperture 6); and with distribution w);(6/6))) along the axis perpendicular to
the antenna trajectory and directed toward the search area, and with angular aperture 6, and
with distribution w (6/6) perpendicular to this axis. If the collection of scatterers is dense
and each scatterer is small, then the central limit theorem can be applied in the single-scattering
approximation. We obtain that W, has Gaussian statistics with zero-mean and autocorrelation
function

~ (200
N I eEa— 21 , wll(T(xn’ - xn)) .
E[Wy(@)Wy ()] = g F>(T)(w — o)) ex

) (0)

(3 -3) ).

colyol
Here g2 is given by
(lW»wiT;

2107T4|y0|4

q2

Co 2 N N
D 6,6 0 0,
|: by T, [¥ol°0)0.L 7 (0) L ( )]

where (|v|?) is the mean squared reflectivity of the small scatterers and D is the density of
scatterers per unit volume. In this expression, the square brackets give the number of scatterers
that contribute to the noise in the recorded signals. If the distance between two successive
positions of the antenna is larger than 2w A, /6, then we get a white-noise model in n:

472

Vg 2w
IO, 70— s, (52)

E[W,(@)Wy ()] =0 W

which has the form (35) with

2 (lv |2) o 2 . .

0" = —— | D——yol ) 6L (Ow_(0) | .
v, 2 | 4nyT,

Note that, as the distance |yo| increases, the parameter o2 increases as |yo|>. This is due to the

fact that more small scatterers contribute to the noise in the recorded signals when the antenna

probes regions further away from the antenna.

3.7. Role of the antenna beam pattern

As pointed out in section 2, the antenna can be a point source, or a slotted waveguide, or a
microstrip antenna. The antenna can then be modeled by a rectangular distribution of point
sources [23], which lie in the (xy) plane, whose length (along the x-axis) is L, and whose width
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(along the y-axis) is D. When there is a single target at y, and the medium is homogeneous,
then the recorded signal has the form

20y —x,) (t—nT v — Vs -y,
Sn(t)|homo=vasw(ys X)a< " —2|X y")exp[Ziwc<u—m>]

162y, — X, |? T, coT) Co

. |Xn - ys| . |Xn - yxl g
xexp |4y (t —nT —21))| ——— — 19| —diny| ——— — .

€o €o

The difference with the point-source antenna case is the presence of the function w, which
is the antenna beam pattern. In the case of a point source, it is a constant. In the case of a
rectangular distribution of point sources with length L and width D, we have fory = (x, y, 2)
such that |y| is larger than L, D, L%/ and D?/A. [8]:

cL . L'D
w(y) = LDsinc<w— i)smc(w—l). (53)
2¢o lyl 2¢o yl

The role of the beam pattern is the same for the matched filter and for the CINT method, and
it can be understood by noting that a reflected signal from the target can be recorded only if
the target is in the footprint of the beam pattern. Consequently:

— The x-dependence of the beam pattern gives the upper bound for the length of the antenna
path X,. If X, is smaller than 2A.|yo|/L, then the x-dependence of the beam pattern plays
no role. If X, is larger than 21.|yo|/L, then only a piece of the trajectory, with length
2X¢|yol/L, illuminates the target and plays a role. In this case, one should substitute
2X¢|yol/L for X, in the previous results.

— The y-dependence can be used to obtain a three-dimensional image. Indeed, with a point
source as an antenna, we only get azimuthal and range resolutions, that is, information
on the coordinates x, and /y? +z2 of the target. Using the range estimate and the
y-dependence of the beam pattern, one can distinguish between the coordinates y, and
zs. The y-dependence of the beam pattern shows that the angle between y, and z; can be
estimated with the precision A./D.

4. Numerical simulations

We consider an experimental configuration in which the antenna is on a rail system. The center
of the search area is at yo = (0, yo, 0) with yo = 440 m. The length of the antenna trajectory
is X, = 11 m. The pulse widthis T}, = 2 10~® s. The carrier frequency is w, = 2735.3 10°
s~!. The chirp parameter is y = 510'* s72. The reference background velocity is ¢y = 3 108
m s~ . In this scaling, motivated by a specific SAR instrumentation, we have indeed

Assumption 2.1; w. > 7wy T, > Tp_lz 2.210" > 3.110° > 510°.
Assumption 3.1; X, < yo: 11 <« 440.

Assumption 3.2; X2 [ (Aenlyol) = 0.3 < 1.

Assumption 3.3; e, = (1, 0).

The optimal range resolution is ¢y/(4yT,) ~ 0.1 m and the optimal azimuthal resolution is
Aelyol/(2Xa) ~ 0.2 m.

The two target points have the same reflectivity and they are in the plane z = 0. We
plot the imaging functionals in this plane, the images are normalized by their maximal values
and plotted on a log scale. The numerical recorded signals are the homogeneous signals
H(w, x,, ys) produced by two point targets and we assume that the recorded travel times are
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adjoint cint Xd=0.33

-10 >

Figure 2. Standard imaging functional (adjoint or matched filter method) and CINT imaging
functionals. The recorded travel times are randomly perturbed but there is no additive white noise.
The crosses stand for the real locations of the two point targets. The coordinates x and y are in
meter and the images are plotted in dB (i.e. 10log;o(Z/ max 1)).

adjoint cint Xd=0.33

Figure 3. Same as in figure 2, but with a different realization of the perturbations.

perturbed by an additive Gaussian process. The standard deviation of this Gaussian process is
10719 s, which corresponds to a travel distance of 0.03 m. The associated correlation radius
of the observations on the antenna is X, = 0.4 m. In figures 2 and 3 we assume the absence
of any external additive noise, while in figures 4-6 we consider the presence of an additive
Gaussian white noise whose amplitude is equivalent to the amplitude of the unperturbed signal
(0 dB additive noise).

In figures 2 and 3 (no additive white noise) the image is very noisy for the matched filter
imaging functional. As predicted by the theory (see the moments (26) and (27)), we observe
around each target a structure with azimuthal size A.|yo|/(2X.) and with rapid fluctuations (in
the azimuthal direction) with the correlation length A.|yo|/(2X,). The image obtained with
the CINT method with the parameter X; = 0.33 m (of the order of X,) is much clearer and
has the same resolution.

In figures 4—6 we can see the impact of an additive white noise. It should be noted that
the additive white noise generates a clutter in the image whose azimuthal correlation length is
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adjoint cint Xd=0.11

-5

-20

Figure 4. Standard imaging functional and CINT imaging functionals for different values of the
cut-off parameter X, (in dB). The recorded travel times are randomly perturbed and an additive
white noise has been added. The crosses stand for the real locations of the two point targets.
Here the minimum of the imaging functional over the search window has been subtracted before
normalization by the maximal value.

Aclyol/(2X,), that is, of the same order as the correlation length of the fluctuations of the main
structures associated with the targets. As a result, the target structures are now embedded
in the clutter produced by the additive white noise and they are very difficult to identify.
Furthermore, the images are not stable, in the sense that they change from one realization of
the random perturbation to the other one (compare the top-left images in figures 4 and 5).
In particular, the maximum of the imaging functional is a fluctuating quantity. The image
produced by the CINT imaging functional with the parameter X, = 0.33 m (of the order of
X.) has a reduced noise level and exhibits the same overall structures, which make it possible
to identify the two targets. If the parameter X, is chosen larger than X, then the noise level
is still high. If the parameter X, is chosen smaller than X, then the noise level is very low
but resolution has been degraded. In figures 4 and 5 the minimum of the imaging functional
is subtracted before normalization, which removes most of the background due to the additive
white noise when X is small. In figure 6 the minimum is not subtracted and one can see the
constant background due to the additive white noise identified in the previous subsection 3.5,
when X, is small. There is almost no background when X; = 0.66 m or larger, so that the
images are very similar with or without subtraction of the minimum for large X,;. Finally,
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Figure 5. Same as in figure 4 but for a different realization of the random fluctuations.

cint Xd=0.11 cint Xd=0.33

Figure 6. Same as in figure 4, but the minimum of the imaging functional has not been subtracted,
which creates the background.

note that the CINT image is less fluctuating than that obtained by the matched filter ambiguity
function, in the sense that the quality of the final image depends primarily on the statistics
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of the random fluctuations, and not on the particular realizations (compare the bottom-left
images in figures 4 and 5).

5. Conclusion

In this paper, we have shown that the CINT imaging method can enhance the signal-to-noise
ratio dramatically, without affecting the resolution. It is efficient when the fluctuations of the
recorded signals have a spatial correlation (along the antenna trajectory) that is larger than
the distance between two successive positions of the antenna and smaller than the length of
the antenna trajectory. However, it is not efficient to deal with a pure additive white noise,
in the presence of which the matched filter processing should be used. We have discussed the
advantages and the limitations of the CINT strategy in the SAR context. On the one hand, we
have stressed that the SAR method based on the use of a strongly chirped source is already in
a CINT configuration in the frequency domain. On the other hand, we have shown the benefit
of the CINT operation in the spatial domain, by showing that statistically stable images can be
obtained with a very reduced noise level. An optimal compromise between the signal-to-noise
ratio and resolution can be achieved by a proper choice of the spatial cut-off parameter, which
is of the order of the correlation radius of the fluctuations of the recorded signals along the
antenna trajectory.
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Appendix. Examples

The results of this paper are derived in the regime of separation of scales w. > 7wy T, > Tp‘1 .
This is in fact the typical SAR regime. For instance:

— The parameters of the satellite ERS-1 are the following ones [16]. The carrier
frequency is @, = 275.310° s™!. The pulse duration is 7, = 37.1107% s. The
chirp parameter is y = 4.210'! s72.  As a result we have o, > 7yT, > T;l
(3.310'° > 4.9107 > 2.7 10%).

— An example of SAR design is given in [5, p. 76]: w. = 27 10'0 57!, T, =385 1076 s,
and y = 4.810'2 s72. As a result we have w, > ayT, > T‘,;1 (6.310'° > 5.810% >»
2.610%).
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